Abstract : Mapping from visual information to motor commands is an important issue in the study of voluntary arm movement. The joint kinematics of a human-like planar arm, which is generally described as a nonlinear function in a Cartesian coordinate system, can be approximately linearized in a head-centered polar coordinate system. This study shows that the mapping from the muscle lengths to the hand position in a head-centered polar coordinate system can also be approximately linearized. In addition, this study proposes a diagonalization of the kinematics that involves adjusting the moment arms of the muscles; in this diagonalization, the muscle lengths of two bi-articular muscles are proportional to the distance and direction from the head.
Introduction
The role of the bi-articular muscles located in the arm has been a topic of considerable interest for many robotics researchers. Most conventional robots consist of joint torque motors. In contrast, the human arm is actuated not only by monoarticular muscles but also by bi-articular muscles. Many studies have shown that the bi-articular muscles play a role in increasing the efficiency of arm control.
Hogan [1] formulated the directional property of the hand stiffness achieved by co-contraction of antagonistic muscles and showed that the bi-articular muscles considerably increase the modifiability of the directional property. Kumamoto et al. [2] performed a detailed analysis and demonstrated the change of the hand stiffness by using a two-joint robot arm actuated by pneumatic rubber actuators. Tsuji et al. [3] showed that the bi-articular muscles affect the manipulation ability of the hand and reduce energy consumption. Recently, Ho et al. [4] proposed a diagonalization of an inertia matrix for a two-link manipulator by the use of bi-articular muscle coordinates; this diagonalization simplifies the description of the movement dynamics. Kino et al. [5] reported that bi-articular muscles can reduce the convergence time of feedforward positioning. Many robotics researchers have incorporated bi-articular muscles in robots to increase the control efficiency, primarily with regard to the dynamics properties.
This study focuses on the role of bi-articular muscles in sensory-motor mapping. Mapping from visual information to motor commands is an important issue in the study of voluntary arm movement. The conventional control mechanisms for reaching have been formulated using geometric calculations in a Cartesian coordinate system. The transformation from a hand position to joint angles (inverse kinematics) is generally de-scribed in terms of nonlinear functions in a Cartesian coordinate system. On the other hand, Mitsuda et al. showed that the inverse kinematics of a human-like manipulator can be approximated linearly in a binocular visual space [6] , [7] . A binocular visual space is an intrinsic coordinate system that is similar to a head-centered polar coordinate system. In the binocular visual space, the vergence angle and the horizontal direction serve as coordinates that specify the position of a point in the physical eye-level plane. The coordinates are given by a linear function of the eyes positions and the retinal positions [7] . Therefore, the joint kinematics in the binocular visual space linearly transforms the visual information into motor commands. In addition, the Jacobian of the linear mapping is given as a constant matrix. Conventional visual feedback control requires a Jacobian matrix that varies in accordance with the joint angles of the arm and the camera orientations. In contrast, visual feedback control based on linear mapping generates motor commands from the camera images without observing the joint angles and the camera orientations.
This study applies linear mapping to the musculoskeletal system and discusses the linearity of the mapping between the muscle lengths and the hand position in a head-centered polar coordinate system. The present study also proposes a diagonalization method for the linear mapping that involves adjusting the moment arms of bi-articular muscles. We present a musculoskeletal system in which the lengths of the biceps brachii and triceps brachii are in proportion to the distance and direction of the hand position from the head, respectively. In this system, shortening the biceps brachii allows the carrying of a grasped object to the head, while shortening the triceps brachii changes the hand position around the head. The diagonalization simplifies the role of the bi-articular muscles in the arm control.
Joint Kinematics and the Linear Approximation in
the Head-Centered Polar Coordinate System 
The origin of the Cartesian coordinate system is located at the head position. The link lengths and the shoulder position are similar to those of a human being. The length of the upper arm is L 1 = 0.3 m. The length of the forearm is L 2 = 0.35 m. The shoulder is placed on the x-axis and the distance from the head is W x = 0.2 m. A Cartesian coordinate is transformed into a head-centered polar coordinate by Figure 2 shows a local joint space whose region is defined as:
. The grid lines in the figure depict the hand positions, when a joint angle is fixed in increments of π/18 rad and the other joint angle varies. The same joint space projected on a Cartesian coordinate system is shown by the continuous lines in Fig. 3 . These figures show that the curvatures of the local joint space in the head-centered polar coordinate system are much smaller than those in the Cartesian coordinate system. Therefore, we examine the linear approximation of the inverse kinematics by the least-squares method within the region. This approximation results in
The dashed lines in Fig. 3 show the joint space approximated by eq. (3). To emphasize the efficiency of the approximation, we also show another result for the linear approximation of the inverse kinematics in the Cartesian coordinate system within the same region. The least-squares approximation in the Cartesian coordinate system results in 
The dashed lines in Fig. 4 show the joint space approximated by eq. (4). These figures show that the approximation of the inverse kinematics in the head-centered polar coordinate system is clearly more accurate than that in the Cartesian coordinate system. Figure 5 shows the error vectors of the linear approximation in the head-centered polar coordinate system. The average amplitude of the error vectors is 62 mm and the standard deviation is 34 mm. On the other hand, those of the linear approximation in the Cartesian coordinate system are 150 mm and 70 mm, respectively. The approximation property depends on the target area, link parameters, and head location [6] . The linear relationship between the joint angles and the hand position enables a simple visual servoing by the use of the constant Jacobian matrix. The linearity ensures a large stable area in this simple visual servoing [7] .
Kinematics of Musculoskeletal Models and the Diagonalized Linear Mapping
This section describes the applicability of the linear approximation to the musculoskeletal system. The kinematic modeling of the musculoskeletal system has been attempted in many studies. However, an exact model is still unavailable and the existing models have not yet been widely used. Many researchers who have analyzed the motor control of the arm have assumed that the moment arm of each muscle is constant. In this assumption, the monoarticular muscle length is a linear function of the joint angle. Therefore, the mapping between the muscle lengths and the hand position is in a scaling relation to the mapping between the joint angles and the hand position. This means that the kinematics of the musculoskeletal system is also approximated as a linear function.
When the moment arms are constant, the length of a biarticular muscle is also given by a linear function of the two joint angles. Therefore, the mapping between the muscle lengths and the hand position has a linear relationship. However, the shape of the mapping varies according to the ratio of the two moment arms of the muscles. Figure 6 shows a musculoskeletal model in which two bi-articular muscles are applied to the arm model depicted in Fig. 1 . It assumes that the moment arms are constant and the muscle lengths, l 1 ,l 2 , are given by
where m 11 ,m 12 ,m 21 ,m 22 are the constant moment arms and l 1 ,l 2 are the muscle lengths when the joint angles, q 1 ,q 2 , are 
where k 1 = m 11 /b 11 = m 12 /b 12 and k 2 = m 21 /b 21 = m 22 /b 22 . Equation (7) indicates that the distance and direction of the hand position from the head can be controlled by the lengths of muscle 1 and muscle 2, respectively. Next, we examine the diagonalization accuracy of eq. (7). Figure 7 shows contour plots of the muscle lengths of a musculoskeletal system that satisfies the relation of the moment arms described above. Table 1 shows the moment arms and the coefficients of the linear approximated joint kinematics. Figure 8 shows the same contour plots projected on the head-centered polar coordinate system. These figures show that each muscle length is approximately proportional to the distance or the direction of the hand. The accuracy of the kinematics approximation by eq. (7) is completely the same as that of the joint kinematics approximation by eq. (3), because the muscle length has a linear relationship to the joint angles in this musculoskeletal system.
The diagonalization and linearization of the kinematics do not postulate the constant moment arms, though the equations are regulated by the mechanical viability. Figure 9 shows an example of a musculo-skeleton with two bi-articular muscles whose moment arms are given by nonlinear functions of the joint angles. The muscle length in this model is given by a general equation of the form where the moment arms of the two muscles are given by the partial differentials ofl 1 (q 1 , q 2 ) andl 2 (q 1 , q 2 ). If this musculoskeletal system satisfies the following equation l 1 (q 1 , q 2 )
the muscle lengths are determined by a linear function of the head-centered polar coordinates. The diagonalization of the constant moment arms model described above is the case thatl 1 (q 1 , q 2 ) andl 2 (q 1 , q 2 ) are set to the linear equations. If l 1 (q 1 , q 2 ) andl 2 (q 1 , q 2 ) are allowed to be set to any arbitrary equation, then the mapping between the muscle lengths and the hand positions is completely linearized and diagonalized. However, the equation of the muscle lengths,l 1 (q 1 , q 2 ) andl 2 (q 1 , q 2 ), are actually regulated by the mechanical viability.
To show the validity of the variable moment arms model, we design a musculoskeletal model in which the muscle lengths are given by quadratic equations of the form
The moment arms in this model are given by linear equations of a joint angle. Here, k 1 and k 2 in eq. (9) are set to 1 and r and θ are set to zero to simplify the calculation. This configuration ignores the actual range of the muscle length. The actual muscle lengths can be achieved by adjusting these parameters. This adjustment does not affect the approximation result. We determined the coefficients of eq. (10) by the quasi-Newton method minimizing the error of the approximated hand position in Cartesian coordinates. Table 2 shows the coefficients. Figure 10 shows the validity of the approximations. The continuous lines in this figure show the desired hand positions. The distances of the hand position from the head are set at 0.1 m intervals. The directions are set at 15 degree intervals. The dash lines in this figure show the hand positions approximated by eq. (10). We determined these approximated hand positions by the following procedure. First, we calculated the joint angles that corresponded to the muscle length by solving the nonlinear simultaneous equations (eq. (10)) numerically. The muscle length is same as the hand coordinate in this approximation (eq. (9)). Next, we calculated the approximated hand positions in Cartesian coordinates by the joint kinematics. The approximation results from the constant moment arms model (eq. (4)) are shown in Fig. 11 . The average errors of the approximated hand positions were 24 mm in the variable moment arms model and 57 mm in the constant moment arms model. The results show that the linear approximation of the variable moment arms model is more accurate than that of the constant moment arms model. Figure 12 shows the contour plots of the muscle lengths of the variable moment arms model. It shows that the mapping between the two muscle lengths and the head-centered polar coordinate of the hand position is approximately diagonalized. The degree of diagonalization is better than that of the constant moment arms model (Fig. 8) . The scale and range of the muscle lengths can be adjusted by k 1 , k 2 , r and θ in eq. (9). Figure 13 shows the change in the moment arms by the joint angles.
A merit of this diagonalization of the kinematics is the sim- plification of the control of each muscle. The length of the biceps brachii (l 1 in Fig. 6 ) is in proportion to the distance of the hand position from the head. Therefore, shortening the biceps brachii carries a grasped object to the head. In the same way, shortening the triceps brachii (l 2 in Fig. 6 ) changes the hand position around the head. This simple control is described as
where u 1 and u 2 are control signals for the muscle length controllers, r and θ are the head-centered polar coordinates of the hand, r d and θ d are the coordinates of a target, and λ 1 , λ 2 are scalar gains. It is assumed that the each muscle length can also be elongated in this system. We examine the control stability of eq. (11) by determining the maximum angle between the hand movement direction of eq. (11) and the desired movement direction in Cartesian space. The maximum angle is described as max
where x d is the Cartesian coordinate of a target, x is the Cartesian coordinate of the hand, v is the Cartesian vector of the hand movement controlled by eq. (11), and A is a set of target coordinates in all directions from the hand. Figures 14 and 15 show the contour plots of the maximum angle in the constant moment arms model and in the variable moment arms model, respectively. The black areas in these figures show where the angle is more than 90 degrees. If the angle is less than 90 degrees, the hand moves toward the target. These figures show that the domain of attraction is sufficiently large, especially in the variable moment arms model.
Discussion
This study first showed that the hand position in headcentered polar coordinates can be approximated as a linear function of the muscle lengths. The linear relation simplifies the visually guided arm control and has many merits in the control, as described in the introduction. The approximation errors are much larger in the peripheral area than in the central area. However, objects in the peripheral area are usually not manipulated without rotating the trunk. The complex shoulder mechanism should also be considered to investigate the manipulation in the peripheral area. This is an interesting subject for future work.
Next, this study proposed a diagonalization of the kinematics by adjusting the moment arms, where the lengths of the two bi- articular muscles are in proportion to the distance and direction of the hand position from the head. The fact that shortening the biceps brachii carries the hand to the head adds a new insight when considering the role of bi-articular muscles. Carrying an object to the head is obviously an essential behavior for human beings. The distance from the head is sensed, not only by the vergence angle, but also by adjusting the focal length and size of an object in a camera image. Therefore, the linear coupling of the biceps brachii and the distance from the head enables the direct mapping between this sensor information and the motor commands. In the same way, the linear coupling between the triceps brachii and the direction from the head simplifies the treatment of the directional sensor information, because the direction from the head is also sensed by the head rotation and trunk rotation. Finally, this study showed that bi-articular muscles whose moment arms vary according to the joint angles improve the linear approximation of the mapping between the hand position and the muscle lengths. The first part of this study described the linear relation between the hand position and joint angles. However, the joint angles are not essential for controlling the musculoskeletal system. The linear mapping between the hand position and the muscle lengths can generate motor commands without observing the joint angles.
Joint angles are essential for describing the hand-eye mapping by the use of conventional kinematics in Cartesian coordinates. It must be noted that the relation between the muscle lengths and the hand position in the proposed musculoskeletal model is not described as an explicit function, because nonlinear simultaneous equations (eq. (10)) must be solved to get the joint angles, which are essential for achieving the relation. In contrast, this study described the relation as a linear approximate equation acquired by the mapping of numerical data.
While the joint angles are not essential for generating motor commands in the musculoskeletal system, the linear relation between the joint angles and the hand position contributes to creating the linear relation between the muscle lengths and the hand position. This is because the relation between the muscle length and the joint angles described in eq. (8) must be due to the mechanical property of the musculo-skeleton. The kinematics in any coordinate system seems to be linearized; however, they are regulated by the mechanical viability. The linear relation between the joint angles and the hand position facilitates the mechanical development of a musculoskeletal model whose muscle kinematics is linearly approximated.
The relation between the moment arms used for the diagonalization and the actual ones in human beings was not described in this study. Progress is still being made in the development of a musculoskeletal model, and the acquisition of the moment arms requires further studies, especially in the shoulder joint. It also must be noted that the biceps brachii and the triceps brachii in this model can be elongated by the antagonistic biarticular muscles contractions. The musculoskeletal systems shown in Fig. 6 and in Fig. 9 consist of the biceps brachii, the triceps brachii and the other two antagonistic bi-articular muscles. These structures are different from the musculoskeletal system used in many studies in which only two bi-articular muscles are modeled. However, human actual biceps brachii and human triceps brachii are composed of several muscles respectively. Further studies are required to assess the relation between the musculoskeletal system in this paper and a human one. Substituting mono-articular muscles for the antagonistic bi-articular muscles is another possible structure that allows the elongation of the bi-articular muscles. Applying distinct roles of bi-articular and mono-articular muscles from the viewpoint of kinematics diagonalization is also an interesting future study.
